Introduction
In recent years there has been an increasing interest towards almost contact geometry and related topics, both from the pure geometrical point of view and due to its applications in wide areas of Physics. In particular, the odd dimensional manifolds proved to be very important for some physical theories like supergravity and M-theory.
An important class of almost contact manifolds is given by cosymplectic manifolds. By a cosymplectic manifold in this paper we mean a smooth manifold of dimension 2n + 1 endowed with a closed 1-form η and a closed 2-form ω such that η ∧ ω n is a volume form. This is the original definition of cosymplectic manifold, due to Libermann and dating back to 1958. Later Blair used the term "cosymplectic" with a different meaning, namely for denoting cosymplectic manifolds endowed with a compatible almost contact metric structure satisfying a normality condition. Despite the wide use of Blair's terminology, we will call the latter manifolds coKähler, which is becoming a common practice now.
Also, there is a weaker notion of almost coKähler manifold (called sometimes almost cosymplectic!) which is just a cosymplectic manifold with a compatible almost contact metric structure, without the normality condition. Note that every cosymplectic manifold admits an almost coKähler structure.
From the foundational papers of Libermann and Blair, there have been many advances in the subject and its related topics. Several papers dealing with cosymplectic or coKähler manifolds appeared in the last 40 years, even though in a rather disperse way. Unfortunately, there is neither a monograph nor a paper exposing the state of art of the theory. In fact the recent very well-written monographs on contact geometry -the Blair's and Boyer-Galicki's books [14] , [22] -just treat, from different points of view, contact metric manifolds (including Sasakian manifolds), leaving for cosymplectic geometry not much space.
We hope that the present survey can help to fill this gap and to give a unified view of the subject. The importance of cosymplectic manifolds for the geometric description of time-dependent mechanics is nowadays widely recognized. In most of the numerous formulations of time-dependent mechanics cosymplectic manifolds do play a major role: either in the classical descriptions of regular Lagrangian systems (see e.g. [53] ) and of Hamiltonian systems [53, 105] , or in the more elegant descriptionsá la Tulczyjew ( [54, 92] ) in terms of Lagrangian submanifolds. It is far outside the scope of our presentation to make a detailed review of these approaches or even a complete list of papers. The 1991 paper [63] contains a comparative review at that time of various equivalent approaches to the geometric treatment of regular time-dependent Hamiltonian systems. For further information about more recent literature about the geometric formulations of time-dependent mechanics see [6, 53, 105] and references therein.
Here we just briefly summarize, as an example, how cosymplectic manifolds appear in the geometric setup of time-dependent Lagrangian mechanics [6, 53] . In such a model the configuration manifold of autonomous Lagrangian mechanics is replaced by a fibration π : M → R and the jet bundle J 1 π of the local sections of π is the velocity phase space of the system. In the simplest case the fibration is trivial, i.e. M ∼ = Q × R where Q is a manifold, and one has J 1 π ∼ = T M × R. In general the dynamics is controlled by a Lagrangian density L ∈ Ω 1 (J 1 π) which is a semibasic 1-form. The Poincaré-Cartan forms associated with the Lagrangian density L are defined using the "vertical endomorphism" S of the bundle J 1 π (see [63, 135] 
Geometrically, the Lagrangian density is regular if and only if the pair (dt, Ω L ) is a cosymplectic structure on the manifold J 1 π, where by dt we denoted (with a slight abuse of notation) the pull-back on J 1 π of the canonical volume 1-form of R. Then, in the regular case, the dynamics of the system is controlled by the integral curves of the Reeb vector field ξ L . In the singular case, the structure (dt, Ω L ) is not cosymplectic and the dynamics is controlled by an implicit differential equation, not necessarily integrable.
We devote the first part of the survey to the basic properties of cosymplectic structures. An important role in the theory is played by the reduction theory, which was developed by Albert in [1] in order to be able to consider the reduction of time-dependent Hamiltonian system with symmetry groups. The reduction procedure was extended to the singular case by de León and Tuynman [59] . Then, in [25] the Albert reduction theorem was adapted to deal with the case of a time-dependent mechanical system with constraints.
As we pointed out above, any cosymplectic manifold can be endowed with a Riemannian metric which makes it an almost coKähler manifold. We thus study, in the second part of the paper, the geometry of almost coKähler manifolds. We collect the most important results of the theory and the various ways for constructing explicit examples (by suspensions, by using Lie groups, as hypersurfaces of Kähler manifolds, etc). Due to the importance of the subject, a large part is dedicated to the study of the curvature properties of almost coKähler manifolds and to the topology of cosymplectic and coKähler manifolds. This last topic has become of great interest in last years, after the very remarkable work [39] of Chinea, de León, Marrero on the topology of compact coKähler manifolds. Recently Li ([106] ) and then Bazzoni and Oprea [8] discovered new methods for studying the topology of coKähler manifolds, which allow to re-obtain many of the Chinea -de León -Marrero's results.
We also try to explain the several interplays with Kähler geometry, which make coKähler manifolds the most natural odd-dimensional counterpart of Kähler manifolds. This becomes even more evident when one passes to the setting of 3-structures. Indeed, while both coKähler and Sasakian manifolds admit a transversal Kähler structure, at the level of 3-structures only the former admit a transversal hyper-Kähler structure.
There are many further topics related to cosymplectic geometry, that have found almost no room in this survey due to the lack of space. We mention only few of them: the study of submanifolds of cosymplectic / coKähler manifolds, the theory of harmonic maps, Einstein-Weyl structures, and several remarkable generalizations like locally conformal cosymplectic manifolds, k-cosymplectic manifolds or generalized almost contact structures. All these subjects, which in turn have often relations with each other and with Physics, show how rich and wide is the field which we call "cosymplectic geometry".
Cosymplectic structures
2.1. Basic definitions and properties. Cosymplectic manifolds were introduced by Libermann (see [107, 108] ).
Definition 2.1. An almost cosymplectic structure on a manifold M of odd dimension 2n + 1 is a pair (η, ω), where η is a 1-form and ω is a 2-form such that η ∧ ω n is a volume form on M . The structure is said to be cosymplectic if η and ω are closed.
If (η, ω) is an almost cosymplectic structure on M , the triple (M, η, ω) is said to be an almost cosymplectic manifold. Similarly, a cosymplectic manifold is a manifold M endowed with a cosymplectic structure (η, ω). In the language of G-structures, an almost cosymplectic structure can be defined equivalently as an 1 × Sp(n, R)-structure.
Among the early studies of cosymplectic manifolds, we mention those of Lichnerowicz [110, 111] , Bruschi [23] , Takizawa [139] and Okumura [123] . Lichnerowicz studied the Lie algebra of infinitesimal automorphisms of a cosymplectic manifold, in analogy with the symplectic case. Bruschi investigated homogeneous cosymplectic spaces. Takizawa reviewed the Lagrange brackets and the infinitesimal transformations. The work of Okumura will be described in the next section since it actually belongs to the coKähler domain.
Every almost cosymplectic structure (η, ω) on M induces an isomorphism of C ∞ (M )-modules ♭ (η,ω) : X(M ) → Ω 1 (M ) defined by ♭ (η,ω) (X) = i X ω + η(X)η, (2.1) for every vector field X ∈ X(M ). A vector bundle isomorphism (denoted with the same symbol) ♭ (η,ω) : T M → T * M is also induced. Then the vector field ξ = ♭ −1
(η,ω) (η) on M is called the Reeb vector field of (M, η, ω) and is characterized by the following conditions i ξ ω = 0, η(ξ) = 1.
Conversely, we have the following characterization of almost cosymplectic manifolds that follows from [1, Proposition 2].
Proposition 2.2. Let M be a manifold endowed with a 1-form η and a 2-form ω such that the map ♭ (η,ω) : X(M ) → Ω 1 (M ) defined by (2.1) is an isomorphism. Assume also that there exist a vector field ξ such that i ξ ω = 0 and η(ξ) = 1. Then, M has odd dimension and (M, η, ω) is an almost cosymplectic manifold.
By means of the isomorphism ♭ (η,ω) : X(M ) → Ω 1 (M ) one can associate with every function f ∈ C ∞ (M ) a vector field grad f ∈ X(M ), called gradient vector field, which is defined by
If the manifold is cosymplectic, then it is easy to check that the bracket defined on
is a Poisson bracket. Thus, every cosymplectic manifold (M, η, ω) has an induced Poisson structure. Its Poisson bivector field is defined by
Its symplectic leaves are precisely the leaves of the integrable distribution ker η. For further details and properties of the gradient vector fields we refer to [26] .
With every function f ∈ C ∞ (M ) one can also associate a Hamiltonian vector field X f according to
One can show (see [1] ) that the map C ∞ (M ) → X(M ) defined by f → X f is a Lie algebra antihomomorphism with respect to the Poisson bracket (2.3) and the commutator of vector fields, i.e.
From (2.2) and (2.5) we get easily that
and X f = grad f if and only if ξ(f ) = 0. Thus, the Poisson structure of a cosymplectic manifold (M, η, ω) can be equivalently written as {f, g} = ω(X f , X g ). By the Darboux Theorem, any cosymplectic manifold (M, η, ω) of dimension 2n + 1 admits around any point local coordinates (t, q i , p i ), I = 1, . . . , n, such that
Cosymplectic manifolds can be thought of as an odd-dimensional counterpart of symplectic manifolds. In fact, on any cosymplectic manifold (M, η, ω) the so-called horizontal distribution ker η is integrable to a symplectic foliation of codimension 1. On the other hand, one has the following result on the product M × R.
Proposition 2.3 ([58]
). Let M be a manifold and η, ω two differential forms on M with degrees 1 and 2 respectively. Consider onM = M × R the differential 2-formω = p * ω + p * η ∧ dt, where t is the coordinate function on R and p :M → M is the canonical projection. Then Remark 2.4. As in symplectic geometry, at any given point p of a cosymplectic manifold M we can define, following [59] , a cosymplectic orthogonal of a vector subspace E ⊂ T p M by
where E o ⊂ T * p M is the annihilator of E. Then, we say that a submanifold C ⊂ M is a coisotropic submanifold of the cosymplectic manifold (M, η, ω) if (i) the Reeb vector field ξ is tangent to C;
The notion of a coisotropic submanifold C of a cosymplectic manifold M can be related to the usual notion of a coisotropic submanifold of a symplectic manifold in the following way. If (M, η, ω) is cosymplectic, then the manifoldM = M × R has a symplectic structure defined by Proposition 2.3. One then can prove that C ⊂ M is coisotropic if and only if one has ((T (C × R)) ⊥ ⊂ T C ⊕ {0}, where ((T (C × R)) ⊥ denotes the symplectic orthogonal. It follows that C × R is a special kind of coisotropic submanifold of M × R in the symplectic sense.
Definition 2.5. A smooth map ψ : M → N between two cosymplectic manifolds (M, η, ω) and (N, η ′ , ω ′ ) is said to be cosymplectic if ψ * η ′ = η and ψ * ω ′ = ω. In such a case, the Reeb vector field ξ of M is ψ-projectable and its projection is the Reeb vector field ξ ′ of N , that is,
As in the symplectic case, a cosymplectic map is not, in general, a Poisson map. In a cosymplectic manifold (M, η, ω) one can use the vector bundle isomorphism ♭ (η,ω) : T M → T * M to pull back the canonical symplectic 2-form Ω M of the cotangent bundle T * M to the tangent bundle T M by setting
Therefore the tangent bundle of a cosymplectic manifold is a symplectic manifold. Actually, the existence of the vector bundle isomorphism ♭ (η,ω) : T M → T * M means that tangent bundle of a cosymplectic manifold has a Liouville structure (also known as special symplectic structure) in the sense of Tulczyjew [145] . In [26] the authors obtain an explicit expression for the symplectic structure Ω o on the tangent bundle in terms of the cosymplectic structure (η, ω), by using the notion of tangent derivation, again due to Tulczyjew (see e.g. [144] ).
Reduction of cosymplectic structures. An action
In such a case, a smooth map J : M → g * from M to the dual space g * of the Lie algebra g of G is said to be a momentum map if the infinitesimal generator a M ∈ X(M ) of the action associated with any a ∈ g is the Hamiltonian vector field of the function J a : M → R defined by the natural pointwise pairing. Moreover, J is said to be Ad * -equivariant if it is equivariant with respect to the action φ and to the coadjoint action Ad
An element ν ∈ g * is said to be a weakly regular value of J if J −1 (ν) is a closed submanifold of M and for each x ∈ J −1 (ν) the tangent space T x (J −1 (ν)) coincides with the kernel of T x J. For example, if ν ∈ g * is a regular value of J (i.e. if T x J is full rank for every x ∈ J −1 (ν)), then it is a weakly regular value. Note that, if φ : G × M → M is a free and proper action, and J : M → g * is a momentum map for φ, then one can prove (cf. [3] ) that J is a submersion, i.e. all elements ν ∈ g * are regular values. Let ν ∈ g * be a weakly regular value of an Ad * -equivariant momentum map J : M → g * for an action φ : G × M → M . If G ν denotes the isotropy group of ν with respect to the coadjoint action, i.e.
of G ν on the submanifold J −1 (ν). Following Libermann and Marle [109] we will say that this action is simple (Albert calls such an action "quotientant") if the orbit space M ν = J −1 (ν)/G ν admits a smooth manifold structure and the canonical projection π ν : J −1 (ν) → M ν is a surjective submersion. A case in which this happens is when the action is free and proper. If the action φ : G × M → M is free and proper, then the induced action of G ν on J −1 (ν) is again free and proper, for each ν ∈ g * . One has the following reduction theorem that yields an analogue to the well-known reduction theorem for symplectic manifolds [115] . Theorem 2.6 (Cosymplectic reduction Theorem, [1] ). Let φ : G×M → M be a cosymplectic action of a Lie group G on a cosymplectic manifold (M, η, ω). Suppose that J : M → g * is an Ad * -equivariant momentum map associated with φ such that
where ξ is the Reeb vector field of M . Let ν ∈ g * be a weakly regular value of J such that the induced action of G ν on J −1 (ν) is simple. Then, M ν = J −1 (ν)/G ν is a cosymplectic manifold with cosymplectic structure (η ν , ω ν ) characterized by
is the canonical projection and i ν : J −1 (ν) ֒→ M is the canonical inclusion. Moreover, the restriction ξ |J −1 (ν) of ξ is tangent to J −1 (ν) and π ν -projectable on the Reeb vector field ξ ν of M ν .
Since each cosymplectic manifold is a Poisson manifold, the above reduction problem can be enclosed in the more general case of the reduction of Poisson structures, studied by Marsden-Ratiu [116] . The supplementary information added by Albert consists in the cosymplectic nature of the reduced manifold. Furthermore, as it has been remarked in [105] , one can prove that the Poisson structure induced by (η ν , ω ν ) coincides with the reduced Poisson structure deduced by the Marsden-Ratiu reduction theorem for Poisson manifolds.
In [58] de León and Saralegi showed that the Albert reduction theorem can be obtained in a different way, by first extending the phase space M according to Proposition 2.3 and then applying the MarsdenWeinstein reduction procedure for symplectic manifolds [115] . This allows them to study cosymplectic singular reduction, that is the reduction for singular values of the momentum map, by applying the results of Sjamaar and Lerman [136] for singular symplectic reduction. In this way, the authors of [58] are able to obtain a stratified cosymplectic space as a result of the reduction of a cosymplectic manifold with a cosymplectic action of a compact group and a momentum map.
2.3.
Universal model for cosymplectic manifolds. The following more general kind of reduction of a cosymplectic manifolds was considered by de León and Tuynman [59] .
Definition 2.7. Let (M, η, ω) be a cosymplectic manifold and let C be a submanifold of M . Suppose furthermore that following three conditions are satisfied.
(i) the Reeb vector field ξ is tangent to the submanifold C; (ii) the characteristic distribution F := ker η| C ∩ ker ω| C has constant rank and hence it is a regular foliation on C; (iii) the foliation F is simple, i.e. the space of leaves M r := C/F has a structure of a manifold and the canonical projection π : C → M r is a submersion.
Under the above hypotheses, it can be shown that there exist unique closed forms η r ∈ Ω 1 (M r ) and ω r ∈ Ω 2 (M r ) such that (M r , η r , ω r ) is a cosymplectic manifold, the pullbacks of π * η r and π * ω r coincide with the restrictions η| C and ω| C , respectively, and the Reeb vector field ξ of M projects onto the Reeb vector field ξ r of the cosymplectic manifold M r .
In these circumstances we will say that M r is the reduction of M by C. Some properties of the cosymplectic reduction are collected in the following proposition.
Proposition 2.8 ([59]
). Let (M r , η r , ω r ) be the reduction of a cosymplectic manifold (M, η, ω) by a submanifold C ⊂ M . Then, η is exact implies that also η r is exact. If the Reeb vector field ξ is complete and C is closed in M , then also ξ r is complete.
One could wonder if the local model for cosymplectic manifolds which is given by the Darboux coordinates (2.8) on R 2n+1 , could be a general universal model, in the sense that all cosymplectic manifold can be obtained from an R 2N +1 by reduction with respect to a submanifold. Indeed in the Darboux local model the 1-form is exact and the Reeb vector field is complete. Since for a general cosymplectic manifold the 1-form need not be exact, Proposition 2.8 shows that local model cannot be universal. Moreover, since the Reeb vector field of a general cosymplectic manifold need not be complete, it also follows from the above proposition that we cannot take always the submanifold C to be closed. This is in sharp contrast with the symplectic case, studied in [90] , in which the local model R 2N is at the same time the universal model, and in which the reduction can always be done by a closed submanifold. The universal model for cosymplectic manifolds found by de León and Tuynman turns out to be slightly more complicated.
Let us say that a manifold is of cohomologically finite type if the de Rham cohomology H k (M ) is a finitely generated vector space for all k. For any 1-form η on a manifold M we define rank Q (η) by
where
Note that for a manifold M of cohomologically finite type the Q-dimension of Q·Periods(η) is always finite. We can now state the following theorem which gives the universal model for cosymplectic manifolds.
Theorem 2.9 ( [59] ). Let (M, η, ω) be a cosymplectic manifold of cohomologically finite type. Then there exist integers N and k and reals numbers µ 1 , . . . , µ k that are independent over Q such that M is the reduction of the cosymplectic manifold (M u , η u , ω u ) by some submanifold C ⊂ M u , where
where θ T k ×R N is the Liouville 1-form, ϕ i is the angle coordinates on the torus, t is the canonical coordinate on R, and k = rank Q (η).
De León and Tuynman also proved a corresponding equivariant version of the above theorem, for which we refer to [59] .
2.4. Canonical homology. The canonical homology was introduced by Koszul in [103] for any Poisson manifold. As every cosymplectic manifold can be considered as well as a Poisson manifold, it is interesting to study the properties of the canonical homology for them.
Let M be a Poisson manifold and π the Poisson bivector. Then we can define the map δ :
, where i π is the operator of contraction with the bivector π. It is easy to check that
In the case M 2n is a compact symplectic manifold it was shown in [24] that
It was discovered in [76] that a similar result for a compact cosymplectic manifold M 2n+1 is false by constructing an explicit counterexample of dimension 5. Nevertheless, Fernández et al. were able to construct a spectral sequence whose first sheet is given by H can p (M ) and that converges to H 2n+1−p (M ). In particular, for any compact cosymplectic manifold
Further topological properties of cosymplectic manifolds will be reviewed in the almost coKähler context in Sections 3.7 and 3.8.
CoKähler structures
Historically coKähler manifolds were defined by Blair in [11] in the context of quasi-Sasakian manifolds and, independently, by Ogiue in [122] as normal almost contact metric manifolds such that the fundamental 2-form Φ and the 1-form η are closed. Actually the notion was used, even if implicitly, for the first time in an article of Okumura ([123] ), where he studied the hypersurfaces of a Kähler manifold of constant holomorphic curvature. Okumura studied the conditions for which such a hypersurface carries a cosymplectic structure, but he did not realize that in fact he was dealing with a general geometric structure richer than the cosymplectic one.
It should be remarked that Ogiue used the word "cocomplex", whereas Blair the word "cosymplectic". The latter has been used in many subsequent papers and it is now widely spread across the literature. However, since it could be confusing, as the same term was used by Libermann for a different (although related) geometric structure, here we prefer the word "coKähler". This name was firstly used by Bejancu and Smaranda ( [10] ) and, later one, by Janssens, Vanecke ( [97] ) and Marrero ([113] ). More recently the paper of Li ([106] ) and some other subsequent papers have used this terminology.
3.1. Basic definitions and properties. An almost contact structure on a manifold M is given by the triple (φ, ξ, η), where ξ a vector field, η is 1-form and φ a (1, 1)-tensor field related by the following conditions
where I denotes the identity mapping. From the definition it follows that M has necessarily odd dimension, say 2n + 1. Further consequences are that φξ = 0 and η • φ = 0 (see [14] for the proof and any detail). This notion was introduced in 1961 by Sasaki ([133] ). In the same year Sasaki and Hakateyama ( [134] ) introduced the odd-dimensional counterpart of the notion of complex manifold. Their idea was to consider the product M × R of an almost contact manifold with the real line and to define on it a tensor field J of type (1, 1) by
One easily checks that J 2 = −I, giving an almost complex structure on M × R. Then one says that, by definition, the almost contact structure (φ, ξ, η) is normal if J is a complex structure. Some long but straightforward computations of the Nijenhuis tensor of J yield,
where we have put
Therefore (φ, ξ, η) is normal if and only if all the above fundamental tensors N (1) , N (2) , N (3) , N (4) vanish identically. However, it was proved that the vanishing of N (1) implies the vanishing of the remaining tensors. Thus one has the following theorem. A Riemannian metric g on M is said to be compatible with the almost contact structure if it satisfies
for any X, Y ∈ Γ(T M ). Such a metric always exists, provided that M is paracompact. If we fix one, say g, we call the geometric structure (φ, ξ, η, g) an almost contact metric structure. Note that, taking Y = ξ in (3.6) we get
Moreover, (3.6) implies that g(φX, Y ) = −g(X, φY ) for any X, Y ∈ Γ(T M ), so that the bilinear form Φ defined by
is in fact a 2-form, called fundamental 2-form (or Sasaki form) of the almost contact metric manifold (M, φ, ξ, η, g). Since φξ = 0 one easily gets
Due to (3.7), we can decompose the tangent bundle of an almost contact metric manifold as the orthogonal sum of the codimension 1 distribution D = ker(η) and the 1-dimensional foliation V defined by the Reeb vector field. There are many remarkable classes of almost contact metric manifolds (for a full classification see [42] ). One of them is given by quasi-Sasakian manifolds, that is normal almost contact metric manifolds whose fundamental 2-form is closed. This class of almost contact metric manifolds, which resembles that one of Kähler manifolds in even dimension, was defined by Blair in his Ph.D. thesis (see [11] ) and then studied by several authors. One among the Blair's results was that there are no quasi-Sasakian manifolds of even rank. Recall that an almost contact manifold (M, φ, ξ, η) of dimension 2n + 1 is said to be of rank 2p + 1 if, for some p ≤ n, one has that η ∧ (dη) p = 0 at any point of M and (dη) p+1 = 0, whereas one says that M has rank 2p if (dη) p = 0 and η ∧ (dη) p = 0 on M . If the rank is maximal, η becomes a contact form and the quasi-Sasakian manifold M is in fact α-Sasakian. We now examine the minimal rank case.
Definition 3.2. An almost coKähler manifold is an almost contact metric manifold (M, φ, ξ, η, g) such that the fundamental 2-form Φ and the 1-form η are closed. If in addition the almost contact structure is normal, we say that M is a coKähler manifold.
Any almost coKähler manifold is canonically a cosymplectic manifold, with cosymplectic structure determined by the 1-form η and the 2-form Φ. This can be proved by considering a φ-basis, that is a local orthonormal basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ}, where for each i ∈ {1, . . . , n}, Y i = φX i . Such a basis exists in any almost contact metric manifolds (see e.g. page 44 of [14] ). Then
Conversely, any cosymplectic manifold carries an associated almost coKähler structure, as shown in the following theorems.
Theorem 3.3 (cf. [13, 57] ). Let (M, η, ω) be an almost cosymplectic manifold of dimension 2n + 1. Then, there exists an almost contact metric structure (φ, ξ, η, g) on M (with the same η and ξ), whose fundamental 2-form Φ coincides with ω.
Proof. Let ξ be the Reeb vector field of (M, η, ω) (see page 3). It satisfies the equalities
For every non-zero X ∈ ker(η), we have
is an isomorphism. This shows that the restriction of ω to D := ker(η) is a non-degenerate quadratic form. Denote by Rξ the distribution generated by ξ. Then there exists a vector bundle endomorphism
and φ 2 D = −I D , where I D denotes the identity map on D (see for example [94] ). Now, we define a metric
for any X ∈ Γ(D). Then, it is easy to check that (M, φ, ξ, η, g) is an almost contact metric structure and
Corollary 3.4. Any cosymplectic manifold (M, η, ω) admits an almost coKähler structure (φ, ξ, η, g) with fundamental 2-form Φ = ω.
CoKähler manifolds were studied for the first time in [11] and [15] in the context of quasi-Sasakian manifolds, since they are quasi-Sasakian manifolds of rank 1.
We now collect some basic properties of almost coKähler manifolds. The first is that, due to the closedness of η, one has that D is integrable and, moreover, the Reeb vector field is an infinitesimal automorphism with respect to D, that is [ξ, X] ∈ Γ(D) for any X ∈ Γ(D).
Notice that, by (3.8) and the Cartan formula for the Lie derivative, one obtains
The next theorem shows some properties which almost coKähler manifolds share with contact metric manifolds (cf. [14, Theorem 6.2]): Theorem 3.5. For an almost coKähler structure (φ, ξ, η, g) the tensor fields N (2) and N (4) vanish. Moreover, N
(1) coincides with the Nijenhuis tensor of φ and N (3) vanishes if and only if ξ is a Killing vector field.
Proof. The proof will straightforwardly follows once one observes that N (2) and N (4) can be written as
For the last part of the theorem, notice that by (3.9) one has
from which the assertion follows.
Corollary 3.6. In any almost coKähler manifold the integral curves of the Reeb vector field are geodesics.
Proof. The vanishing of N (4) yields, for any X ∈ Γ(T M ),
, from which it follows that 2g(∇ X ξ, ξ) = 0.
Another general property of almost coKähler manifolds concerns the harmonicity of the forms η and Φ: 
Therefore we have the following result for almost coKähler manifolds.
Corollary 3.8. In any almost coKähler manifold one has
From (3.10) it follows in particular that
which was already proved in another way by Olszak ([124] ). Another easy consequence of (3.10) is that if M is coKähler then φ is parallel. However also the converse holds. In fact we have the following general result.
Theorem 3.9 ([11]
). An almost contact metric manifold (M, φ, ξ, η, g) is coKähler if and only if ∇φ = 0 or, equivalently, ∇Φ = 0.
On an almost coKähler manifold it is often convenient to use the operator
The main properties of this tensor field are described by the following proposition, which can be proved straightforwardly (see also [66] ).
Proposition 3.10. Let (M, φ, ξ, η, g) be an almost coKähler manifold. Then the operator h satisfies the following properties: (i) h is a symmetric operator with respect to g,
Then we can state the following important result. Remark 3.12. Since in any coKähler manifold, as N (1) = 0, also the tensor field N (3) vanishes, by Theorem 3.11 we have that ξ is Killing. The converse, in general, does not hold. However, it was proved that in dimension 3 any among the above five conditions is equivalent to require that the manifold is coKähler ( [89] ).
Concerning the operator h, we state the following general identity, due to Olszak ([124] ), which relates h with the covariant derivative of φ in any almost coKähler manifold
Notice that, from (3.12) it follows that (∇ φX η)(φY ) = −(∇ X η)(Y ).
Examples of coKähler manifolds.
The standard example of (almost) coKähler manifold is given by the product of an (almost) Kähler manifold (N, J, G) with R (or S 1 ). If t denotes the global coordinate on R, any vector field of M can be written as X, f On the other hand by Theorem 3.11 every coKähler manifold is, at least locally, the Riemannian product of a Kähler manifold with the real line.
Therefore two natural problems rise: Clearly, in view of Theorem 3.11, Question 1 is equivalent to the problem of finding examples of proper almost coKähler manifolds with non-Killing Reeb vector field. The problem was solved by Olszak ([124] ), who found an example of almost coKähler structure with non-parallel Reeb vector field in any odd dimension. Namely, let g be the (2n+1)-dimensional real solvable Lie algebra with basis {E 0 , E 1 , . . . , E 2n } and non-zero Lie brackets
where a 1 , . . . , a 2n are real numbers such that a 2 1 + · · · + a 2 2n > 0. Let G be a Lie group whose Lie algebra is g and extend {E 0 , E 1 , . . . , E 2n } to left invariants vector fields on G. We define on G a Riemannian metric g by imposing that {E 0 , E 1 , . . . , E 2n } is orthonormal. Then we define a 1-form η and a tensor field φ by setting η(E j ) = δ 0j for each j ∈ {0, 1, . . . , 2n} and φE 0 = 0, φE i = E i+n , φE i+n = −E i for each i ∈ {1, . . . , 2n}. Then putting ξ := E 0 , one can prove that (φ, ξ, η, g) is an almost coKähler structure such that ∇ξ = 0.
With regard to Question 2, it was positively solved in dimension 3 by Chinea, de León, Marrero in 1993 ( [39] ). We now describe such an example explicitly. Firstly let us consider the following general construction, due to Fujimoto and Mutō ( [82] ), in order to define a coKähler manifold as suspension with fibre a 2n-dimensional compact Kähler manifold of representations defined by Hermitian isometries. Let (N, J, G) be a compact Kähler manifold and f : N −→ N be an Hermitian isometry, that is an isometry of the Riemannian manifold (N, g) such that
This action is free and properly discontinuous, so that the corresponding orbit space M f is a compact smooth manifold. Then the coKähler structure induced on the product manifold N × R descends to a coKähler structure on M f := (N × R)/Z. Now Chinea, de León, Marrero restricts to the case when N is the 2-dimensional torus T 2 with its standard Kähler structure and f is the Hermitian isometry induced by the isometry of R 2 f (x, y) = (y, −x). Then they note that the manifold M f := (T 2 × R)/Z is noting but the manifold T 3 A considered in [85] , where
As, according to [85] , A is neither conjugated with a matrix of the form
the fist Betti number of M f is 1. Therefore, M f cannot be the global product of a compact surface S with the unit circle S 1 . Indeed in such a case the first Betti number of S would be 0 and hence S would be the sphere S 2 . Then from the homology exact sequence
A ) = Z, which yields a contradiction. This is the argument used in [39] for proving that M f is not the global product of a Kähler manifold with S 1 . In [114] , Marrero and Padrón generalized this example to any odd dimension. We briefly illustrate their construction. Let us consider the 2n-dimensional torus T n with the Kähler structures (J, G) and (J ′ , G ′ ) defined as follows
for each i ∈ {1, . . . , n}, where {X 1 , . . . , X n , Y 1 , . . . , Y n } is the canonical global basis of vector fields on T 2n , {α 1 , . . . , α n , β 1 , . . . , β n } the corresponding dual basis of 1-forms, α 
Then, as described before, we can consider the action of Z on T 2n × R via an Hermitian isometry f and the corresponding quotient space M f := (T 2n × R)/Z. Let us consider the case when f is induced by an isometryf of R 2n . Marrero and Padrón considered the following four cases
so obtaining the corresponding compact coKähler manifolds M fi , i ∈ {1, . . . , 4}. Notice that, for n = 1, M f1 coincides with the 3-dimensional example of Chinea, de León, Marrero illustrated before. Then the authors proved the following remarkable result:
coKähler solvmanifolds which are not topologically equivalent to the compact coKähler manifolds T 2m+1 × CP r , with m, r > 0, m + r = n.
Concerning the above examples, Fino and Vezzoni ( [80] ) showed that these solvmanifolds are finite quotients of a torus. In fact the authors prove a more general result, namely that a solvmanifold has a coKähler structure if and only if it is a finite quotient of torus which has a structure of a torus bundle over a complex torus.
3.3.
CoKähler manifolds and Kähler geometry. CoKähler manifolds are the most natural analogue in odd dimension of Kähler manifolds. This can be viewed for instance looking at the 1-dimensional foliation V defined by the Reeb vector field, usually called Reeb foliation. In fact notice that the closedness of the fundamental 2-form Φ together with (3.8) implies that Φ is a basic 2-form. Moreover, by Theorem 3.11 the vanishing of N (3) φ implies that also the tensor field φ and the Riemannian metric g are projectable tensors. Roughly speaking, this means that Φ, φ and g are constant along the leaves of the Reeb foliation, so that they locally projects to a 2-form ω ′ , a tensor field J ′ and a Riemannian metric G ′ on the leaf space. Then (ω ′ , J ′ , G ′ ) form a Kähler structure. Thus any coKähler manifold is foliated by a transversely Kähler foliation. If in particular V is simple, then there exists a Riemannian submersion π : (M, g) −→ (N ′ , G ′ ) such that ker(π * ) = T V and π * • φ = J ′ • π * . Therefore, at least locally, any coKähler manifold projects onto a Kähler one. On the other hand, given a coKähler manifold M there exists a Kähler manifold N projecting onto M . It is enough to consider the product of M with the real line (or the unit circle), endowed with the complex structure J defined by (3.1) and the product metric G = g + dt
2 . An easy computation shows that G is an Hermitian metric.
Moreover, one has
. Therefore, the almost Hermitian structure induced on M × R is (almost) Kähler if and only if M is (almost) coKähler.
This construction on the product of an almost contact manifold with the real line can be extended to a more general setting. Let (M 1 , φ 1 , ξ 1 , η 1 ) and (M 2 , φ 2 , ξ 2 , η 2 ) be almost contact manifolds. We define on the product manifold M 1 × M 2 a tensor field J by setting
One checks that J 2 = −I, so that an almost complex structure is defined on M 1 ×M 2 . This construction is due to Morimoto ([120] ), who proved that (M 1 ×M 2 , J) is a complex manifold if and only if (M 1 , φ 1 , ξ 1 , η 1 ) and (M 2 , φ 2 , ξ 2 , η 2 ) are normal almost contact manifolds. It is worth to mention that an interesting corollary of this is the well-known result, previously proved by Calabi and Eckmann, that the product S 2p+1 × S 2q+1 of the two odd-dimensional spheres is a complex manifold. Notice that, since the second Betti number of these compact manifolds is zero, they cannot carry any Kähler structure. Now let us consider two almost contact metric manifolds (
proved that the product M 1 ×M 2 , endowed with the above almost complex structure J and with the product metric G = g 1 + g 2 is Kähler, provided that the factors are coKähler. Later on, Capursi ([34] ) proved that also the converse holds. In fact he proved the result in a more general setting, dealing with almost Kähler and nearly Kähler manifolds. Summing up, we can state the following theorem. 
In [149] Watson further generalized the Morimoto's construction by considering, for each real number a and b = 0 the manifold M = M 1 × M 2 endowed with the tensor field J a,b and the Riemannian metric G a,b defined by
In the most general case, that is when (M 1 , φ 1 , ξ 1 , η 1 , g 1 ) and (M 2 , φ 2 , ξ 2 , η 2 , g 2 ) are almost contact metric manifolds, one has that (M, It is enough to take the product of any of such Lie groups and to apply the previous results on the almost Kähler structure on the products. Namely, he proved the following result. We remarked that in dimension 3 any almost coKähler manifold with ξ Killing is necessarily coKähler, but in higher dimensions this is not true. Thus in view of Corollary 3.17. we can say that the condition of being almost coKähler with Kählerian leaves is what is missing to an almost coKähler manifold with ξ Killing for being coKähler.
Furthermore, we mention that recently Dacko has developed a new approach towards almost coKähler manifolds with Kählerian leaves based on the techniques of CR-geometry (see [48] for more details).
3.4.
CoKähler structures on hypersurface of Kähler manifolds. Other examples come from hypersurfaces of Kähler manifolds. The first author that studied the geometric structures induced on a hypersurface of an almost Hermitian manifold was Tashiro in 1963 ( [140] , [141] ). A few years later Okumura ( [123] ) and Goldberg [87] found necessary and sufficient conditions for which a hypersurface of a Kähler manifold carries a coKähler structure. Let (M ,J,g) be a (2n + 2)-dimensional Kähler manifold and let ι : M −→M be a C ∞ orientable hypersurface. Let N be the unit normal of M with orientation determined by that of M . Then for any vector field X ∈ Γ(T M ) let us decomposeJι * X into the components tangent and normal to M , so defining a (1, 1)-tensor field φ and 1-form η on M bỹ
Next, one can prove that ξ := −JN is a vector field tangent to M and that (φ, ξ, η, g) is an almost contact metric structure, where g := ι * g is the induced metric. Now we have the following theorem: A necessary and sufficient condition for M to be coKähler is that its second fundamental form h be proportional to
where f = h(ξ, ξ), or equivalently A = f η ⊗ ξ.
In particular it follows that any totally geodesic C ∞ orientable hypersurface of a Kähler manifold carries a coKähler structure. Further, Okumura studied the geometry of the hypersurfaces in a Kähler manifold of constant holomorphic sectional curvature. He proved that there is no coKähler hypersurfaces in a Kähler manifold of positive constant holomorphic sectional curvature. This result was improved by Olszak in [125] , where the following theorem was proved. Studying almost contact homogeneous manifolds is a very difficult task in the full generality, so one restricts to some remarkable classes of almost contact metric manifolds. In fact in the coKähler setting there is a full classification in dimension 3, due to a recent work of Perrone ([129] ). Namely, a 3-dimensional simply connected homogeneous almost coKähler manifold is either a Riemannian product of the real line with a Kähler surface of constant curvature or a Lie group G equipped with a left invariant almost coKähler structure. Moreover, in this last case, we have the following classification, based on the invariant
CoKähler case (1) If G is unimodular, then the metric is flat and G is either the universal coveringẼ(2) of the group of rigid motions of Euclidean 2-space, or the abelian Lie group R Furthermore, Perrone proves that in all the aforementioned cases except (4) the Reeb vector field ξ is harmonic. Recall that a unit vector field U on a m-dimensional Riemannian manifold (M, g) can be regarded as a map U : (M, g) −→ (T 1 M, g S ), where g S denotes the Sasaki metric on the unit tangent sphere bundle T 1 M . When M is compact we can define the energy of U as the energy of the corresponding map:
A unit vector field U is then called harmonic if it is critical for the energy functional E defined on the set of all unit vector fields on M .
A family of examples of homogeneous almost coKähler structures in dimension greater than 3 is proposed in [41] . Let us consider the generalized Heisenberg group H(1, r), r > 1, that is the Lie group of real matrices of the form 
where a j i ∈ R. This is a connected and simply connected Lie group of dimension 2r + 1. Let {x i , y i , z}, i ∈ {1, . . . , r}, be the coordinate functions on H(1, r) defined by
r+1 , for any A ∈ H(1, r). One proves that the 1-forms α i := dx i , β i := dy i − x i dz and η := dz are linearly independent and invariant under the action of H(1, r). Moreover, by setting
it turns out that (η, Φ) is a cosymplectic structure. A compatible almost coKähler structure is defined in the following way. Let
∂z be the dual vector fields of the left invariant forms α i , β i , η, respectively. Then one can easily prove that they form an orthonormal frame field with respect to the left invariant metric on H 1 (1, r) defined by
Then we define a tensor field φ by imposing that g(·, φ·) = Φ. One can check that (φ, ξ, η, g) is an almost coKähler structure. Since ∇ Xi ξ = 0, the structure is not coKähler (cf. [41] ). Chinea and Gonzalez give a detailed study of homogeneous structures on H(1, r). In particular, they prove that H(1, r) is a homogeneous almost coKähler manifold of type T 2 ⊕ T 3 , according to the classification of homogeneous structures of Tricerri and Vanhecke ( [143] ). Further, we also notice that one can consider the manifold M (1, r) = Γ(1, r)\H(1, r), where Γ(1, r) is the discrete subgroup of H(1, r) of matrices with integer entries. M (1, r) is a compact nilmanifold of dimension 2r + 1. However we point out that M (1, r) cannot admit any almost coKähler structures due to topological obstructions ( [43] ). Therefore, as the above coKähler structure on H(1, r) descends to M (1, r), M (1, r) gives an example of compact almost coKähler manifold which cannot have any coKähler structure. Another example of compact almost coKähler manifold that cannot admit any coKähler structure is M (1, 1) × T 2r (see [43] for more details). We notice that some almost contact metric structures on M (1, r) are described in [38] . would be a Kähler manifold, but it is known that it cannot admit any complex structure (cf. [74] ). Nevertheless an explicit almost coKähler structure can be defined by putting
Notice that the Reeb vector field is not Killing, otherwise the manifold being coKähler in view of Remark 3.12.
A generalization of this example in higher dimension is considered in [38] .
We close the section by illustrating a general method for defining left invariant coKähler structures on Lie groups. First recall the notion of coKähler Lie algebra. Namely, a coKähler Lie algebra is a real Lie algebra g of dimension 2n + 1 endowed with a 1-form η, an endomorphism φ and a inner product g satisfying the conditions η(ξ) = 1, dη = 0, dΦ = 0
φ = 0, g(φ·, φ·) = g − η ⊗ η, where ξ is the dual vector field of η, Φ is the 2-form defined by Φ := g(·, φ·) and N (1) φ is the tensor field formally defined as in (3.2) .
This notion is closely related to that one of Kähler Lie algebra, that is real Lie algebra of dimension 2n endowed with a 2-form ω, an endomorphism J dω = 0,
Concerning coKähler Lie algebras, Fino e Vezzoni proved the following characterization.

Theorem 3.20 ([80]).
CoKähler Lie algebras of dimension 2n + 1 are in one-to-one correspondence with 2n-dimensional Kähler Lie algebras equipped with a skew-adjoint derivation D commuting with its complex structure.
It follows in particular that any coKähler unimodular Lie group is necessarily flat and solvable. Actually, the above result was proved at the Lie group level by Dacko in [44] for almost coKähler manifolds. His results can be summarized as follows.
Theorem 3.21 ([44]
). Let (φ, ξ, η, g) be a left-invariant almost coKähler structure on a simply connected and connected Lie group G. Then G is a semi-direct product of the form R× f G 1 , where G 1 is a Lie group and f is a 1-parameter group of automorphisms of G 1 , and (φ, ξ, η, g) is an almost coKähler extension of some almost Kähler structure on G 1 .
3.6.
Curvature of coKähler manifolds. Curvature properties of coKähler manifolds is one among the most studied topics in coKähler geometry. We start by collecting some basic properties about almost coKähler manifolds. The first systematic study of the curvature of an almost coKähler manifold is due to Olszak ([124] ). He found useful formulas relating the curvature tensor of an almost coKähler manifold with other tensor fields, like the covariant derivative of φ, etc. We adopt the following notation. We denote by R the curvature tensor defined by R(X, Y, Z, W ) := −g(R(X, Y )Z, W ), by Ric the Ricci tensor, given by Ric(X, Y ) := 2n i=0 R(E i , X, Y, E i ), where {E 0 := ξ, E 1 , . . . , E 2n } is a local orthonormal basis. Furthermore we denote by Ric * the Ricci * -tensor, defined by Ric
and, similarly, s * will be the scalar * −curvature, given by the trace of Ric * . Moreover we shall denote by K the sectional curvature, defined by K(π) = K(X, Y ) := R(X, Y, X, Y ), where X and Y are orthonormal vectors spanning the 2-plane π ⊂ T x M . Theorem 3.22. In any almost coKähler manifold the following identities hold
Furthermore, any compact almost contact metric manifold (M, φ, ξ, η, g) satisfying (3.14) and (3.15) is necessarily almost coKähler.
A variation of the last sufficient condition is the following. Theorem 3.23. Let (M, φ, ξ, η, g) be an almost contact metric manifold such that the integral curves of the Reeb vector field are geodesics and the forms η and Φ are coclosed. If M fulfills the conditions (3.14) and (3.15), then it is almost coKähler. Now, one can prove ( [124] ) that in any 3-dimensional almost contact metric manifold one has ∇φ 2 = 2 ∇ξ 2 , 3 dΦ 2 = 2 (δη) 2 and δΦ 2 = 2 dη 2 . Thus we can state the following theorems.
Theorem 3.24. Any 3-dimensional almost contact metric manifold is coKähler if and only if the Reeb vector field is parallel.
Theorem 3.25. Let (M, φ, ξ, η, g) be a 3-dimensional almost contact metric manifold such that any among the following conditions is satisfied: (i) At least one among η or Φ is a harmonic form.
(ii) M is compact and (3.15) holds. Then M is almost coKähler. [89] that an almost coKähler manifold of constant curvature is coKähler if and only if it is locally flat. Finally, Olszak ([124] , [126] ) showed that almost coKähler manifolds of non-zero constant curvature do not exist in any dimension. Summing up, we can state the following important theorem. Turning to coKähler manifolds, we state the following properties.
Blair proved that a coKähler manifold of constant curvature is locally flat ([11]). Later on, Goldberg and Yano proved in
Theorem 3.27 ([89]).
In any coKähler manifold (M, φ, ξ, η, g) the following properties hold Actually (3.18) holds true in any almost coKähler manifold with ξ Killing, since ∇ξ = 0. We now prove that this is in fact a characterization of this class of almost coKähler manifolds. Proof. Clearly if ξ is Killing then R(X, Y )ξ = 0, as pointed out before. Conversely, let us assume that R(X, Y )ξ = 0 for any X, Y ∈ Γ(T M ). Then in particular one has R(ξ, X) = 0, where X in any vector field orthogonal to ξ. Then by applying (3.13) we get h 2 X = 0. This in turn implies, since g is positive definite, that hX = 0. As hξ = 0, we conclude that the tensor field h vanishes identically, so that, by Theorem 3.11, ξ is a Killing vector field. for all X, Y, Z, W ∈ Γ(T M ). Using (3.19) one proves the following theorem (cf. [67] ). Proof. Let us consider a φ-basis {E 1 , . . . , E 2n , ξ}, where for each i ∈ {1, . . . , n} E n+1 = φE i . Then, for any X, Y ∈ Γ(T M ),
By Corollary 3.30, Ric
, from which it follows that
Applying φ yields φRic
Theorem 3.26 shows that the requirement of constancy of the sectional curvature is too strong for a coKähler manifold. This lead to introduce the notion of φ-sectional curvature (also called φ-holomorphic curvature). Given a manifold M with coKähler structure (φ, ξ, η, g), we call φ-section any plane section of T x M spanned by {X, φX}, where X is a vector orthogonal to ξ. The sectional curvature H(X) := K(X, φX) corresponding to such a section is then called φ-sectional curvature. Eum ([71] (see also [112] ) proved the following important theorem Theorem 3.32. If a coKähler manifold has a constant φ-sectional curvature at every point, then the curvature tensor R of the manifold is given by
where c is constant.
CoKähler manifolds with constant φ-sectional curvature are usually referred as coKähler space forms M (c). There are several papers dealing with coKähler space forms, in many different contexts. We mention the result due to de León and Marrero that given a (2n + 1)-dimensional compact coKähler manifold M with positive constant φ-sectional curvature c, there exists a diffeomorphism f : M −→ P n (C n+1 )(c) × S 1 , of M onto the product of S 1 with the complex projective space of positive constant holomorphic sectional curvature c, which is transversally holomorphic isometric. Recall that a diffeomorphism f : M −→ M ′ between two coKähler manifolds is said to be transversally holomorphic isometric if Remark 3.33. Notice that coKähler space forms sit in the more general framework of generalized Sasakianspace-forms (see [2] for more details).
By using (3.20) , one can prove that the Ricci tensor of a coKähler space forms M (c) has the following expression Namely, given an almost contact metric manifold (M, φ, ξ, η, g) and two real numbers κ and µ one can define a distribution N (κ, µ) on M by
is called the (κ, µ)-nullity distribution. In [16] it was considered the case when the Reeb vector field of a contact metric manifold belongs to the (κ, µ)-distribution. A few years later, also the almost coKähler case was considered ( [68] ).
Thus an almost coKähler (κ, µ)-manifold is an almost coKähler manifold satisfying the curvature condition
for some κ, µ ∈ R. In particular, any coKähler manifold satisfies such a condition for κ = 0 and any µ. However, if κ = 0 any almost coKähler (κ, µ)-manifold cannot be coKähler, because of the relation (see [68] )
Notice also that from (3.22) it follows that κ ≤ 0 and κ = 0 if and only if M is coKähler. In the sequel we shall consider the non-coKähler case, that is κ < 0. In this case one proves that the operator h admits 3 distinct eigenvalues, 0 and ±λ := ± √ −κ, and the tangent bundle of the manifold splits up as the orthogonal sum of the corresponding eigendistributions
Moreover, D h (λ) and D h (−λ) are totally geodesic foliations and are related by φD h (±λ) = D h (∓λ). This decomposition allows to prove that the condition (3.21) determines the curvature completely (cf. [68, Theorem 3.1] ). In particular it follows that if X is a unit vector field in D h (λ) one has
Furthermore, an explicit formula for the Ricci operator is provided
Remark 3.37. From (3.23) it follows that Ric ♯ ξ = 2nκξ. On the other hand, as prove in [128] (see also page 214 of [62] ), Theorem 3.7 implies that the Reeb vector field of an almost coKähler manifold is a harmonic vector field if and only if it is an eigenvector of the Ricci operator. In view of this remark and Corollary 3.30, it follows that in any almost coKähler manifold such that ξ is Killing or belongs to the (κ, µ)-nullity distribution, the Reeb vector field is harmonic.
Thus, in view of (3.23), almost coKähler (κ, µ)-manifolds are η-Einstein if and only if µ = 0, that is
This case was studied, among others, by Dacko ([45] ), who proved that M is necessarily an almost coKähler manifold with Kählerian leaves and, moreover, gave a full description of the local structure of this class. We briefly recall his construction, referring to [45] for more details. Let λ be a real positive number and g λ be the solvable non-nilpotent Lie algebra with basis {ξ, X 1 , . . . , X n , Y 1 , . . . , Y n } and nonzero Lie brackets [ξ,
. . , n}. Let G λ be a Lie group whose Lie algebra is g λ and let (φ, ξ, η, g) be the leftinvariant almost coKähler structure defined by putting at the identity Theorem 3.38 ([45] ). Let (M, φ, ξ, η, g) be an almost coKähler manifold whose Reeb vector field ξ satisfies (3.24), for some κ < 0. Then M is locally isomorphic with the above Lie group G λ endowed with the almost coKähler structure (3.6), where λ = √ −κ.
It remains an open question whether it is possible to provide a full classification as in the contact metric case (cf. [17] and [28] ).
Finally, it is worth to mention a couple of interesting generalizations of almost coKähler (κ, µ)-manifolds. The first is due to Dacko and Olszak ([51] ), who defined an almost coKähler (κ, µ, ν)-manifold as an almost coKähler manifold satisfying the following curvature condition
where κ, µ, ν belong to the subring of the ring of smooth functions f on M such that df ∧ η = 0. Of course, taking ν = 0 and κ and µ constant, one reobtains the aforementioned notion of almost coKähler (κ, µ)-manifolds. Among other results, the authors proved that the leaves of the canonical foliations D are locally flat Kählerian manifolds, and then they found local models for the case κ = 1 and ν = 0 ( [50] ).
Very recently, Carriazo and Martín-Molina provided an explicit writing of the curvature tensor of an almost coKähler (κ, µ, ν)-space and proposed a further generalization (see [35] for more details).
3.7. Topology of compact coKähler manifolds. A relevant topic in coKähler geometry is given by the study of topological properties of (almost) coKähler manifolds and, in particular, the investigation on topological obstructions to the existence of a coKähler structure on a compact manifold. This includes study of different (co)homological and homotopy invariants.
To begin with, recall the result of Goldberg and Yano (Theorem 3.7) that in any almost coKähler manifold the 1-form η and the 2-form Φ are harmonic. It follows that the first and the second Betti number of any almost coKähler manifold are different from zero. Actually, as an application of the formula at page 109 of [86] , one can prove that in any almost contact metric manifold such that ξ is Killing and η is harmonic, the wedge product by η preserves harmonicity. It follows that in any compact almost coKähler manifold that satisfies any of the equivalent conditions of Theorem 3.11 the 3-form η ∧ Φ is harmonic and hence also the third Betti number is non-zero.
In fact if the structure is also normal, a stronger result holds.
Theorem 3.39 ([15]
). All the Betti numbers of a compact coKähler manifold are non-zero.
In order to prove Theorem 3.39, one considers the operators L and Λ, dual to each other, defined by Lα := α ∧ Φ and Λα := ⋆L⋆α, for any form α, where ⋆ denotes the Hodge star isomorphism. In the case when M is a coKähler, Blair and Goldberg ([15] ) proved that L commutes with the Laplace-Beltrami operator ∆ := dδ + δd. Using this, Theorem 3.39 follows.
Several years later, Chinea, de León and Marrero wrote a fundamental paper on the topology of compact coKähler manifolds ( [39] ). An important role in their study is played by the subspaces Ω 
Then, the authors of [39] prove the splitting
Hη (M ), and, moreover, that the dimensions of the above subspaces are topological invariants of M .
Using this and the Poincaré duality one obtains the following monotony property.
Theorem 3.43 ([39]). On a compact coKähler manifold one has
Many of the results in [39] have been revisited in 2008 by Li ([106] ) using different topological techniques. His work is based on the notion of "symplectic / Kähler mapping torus". We recall the precise definitions. By a mapping torus, it is meant a topological construction described as follows. Let f ∈ Diff(S) be a diffeomorphism on a closed, connected manifold S. The mapping torus S f is obtained from S × [0, 1] by identifying the two ends via f , namely
It is known that S f is the total space of a fiber bundle over S 1 with fiber S. Now, if (S, Ω) is a symplectic manifold and f a symplectomorphism, S f is called symplectic mapping torus. If (S, J, G) is a Kähler manifold and f an Hermitian isometry, we say that S f is a Kähler mapping torus.
The main result of Li was the following remarkable criteria for the existence of cosymplectic and coKähler structures in terms of mapping tori. (i) M admits a cosymplectic structure if and only there exists a symplectic manifold (S, Ω) and a symplectomorphism f of (S, Ω) such that M = S f . (ii) M admits a coKähler structure if and only there exists a Kähler manifold (S, J, G) and a Hermitian isometry f of (S, J, G) such that M = S f .
Theorem 3.44 can be regarded as an extension to the cosymplectic and coKähler settings of the wellknown result due to Tischler that any compact manifold admitting a non-vanishing closed 1-form fibres over a circle ([142] ). Moreover, by using the second part of Theorem 3.44, Li was able to give a simpler prove of the aforementioned monotony of the Betti numbers of a compact coKähler manifold (Theorem 3.40).
A key point in the proof Theorem 3.44 (as well as in the proof of Tischler's theorem) is that one can approximate the 1-form η with a 1-form η θ representing an integral cohomology class. This aspect is used in a very recent paper of Bazzoni and Oprea ( [8] ), where the authors, using Li's characterization, give another type of structure theorem for coKähler manifolds. Namely, they prove the following theorem.
Theorem 3.45 ([8]).
A compact coKähler manifold (M, φ, ξ, η, g) with integral 1-form η and mapping torus bundle S ֒→ M −→ S 1 splits as
where S 1 × S −→ M is a finite cover with structure group Z m acting diagonally and by translation on the first factor. Moreover, M fibres over the circle S 1 /(Z m ) with finite structure group.
Using Theorem 3.45 Bazzoni and Oprea are able to recover, in a very simple way, some of the Chinea, de León, Marrero's results on the Betti numbers of compact coKähler manifolds. Moreover, they obtain a result regarding the fundamental group of a coKähler manifold. As we remarked, the fundamental group of any coKähler (actually, almost coKähler) manifold is infinite. In fact we can say more:
) is a compact coKähler manifold with integral 1-form η and splitting M ∼ = S 1 × Zm S, then π 1 (M ) has a subgroup of the form H × Z, where H is the fundamental group of a compact Kähler manifold, such that the quotient
Theorem 3.46 is one of the few results concerning the fundamental group of a coKähler manifold. We mention another one, due to de León and Marrero. They studied in [55] how some curvature conditions can affect the topology of a compact coKähler manifold. In particular they were looking for an odddimensional analogue of the well-known fact that a compact Kähler manifold with positive definite Ricci tensor is simply connected. However, a compact simply connected manifold cannot admit a coKähler structure and, moreover, because of (3.15), the Ricci tensor of a coKähler manifold cannot be positive definite. In particular, the Ricci tensor Ric of a coKähler manifold of positive constant φ-sectional curvature is transversally positive definite, that is for each point x of the manifold Ric x is positive definite on D x ( [55] ). Now, we have the following theorem. 1 and π 1 (M ) is isomorphic to Z. In particular, the first integral homology group of M is also isomorphic to Z.
Finally, concerning the almost coKähler case, we mention the following result. (i) If L is a leaf of the foliation D, then the inclusion map induces a monomorphism i : π 1 (L) −→ π 1 (M ) and the quotient group 3.9. Rational homotopy type. For a general and detailed treatment of rational homotopy theory the reader is referred to [73] . A commutative differential graded algebra (A, d) (CDGA short) over R is a graded algebra A = k≥0 A k over R such that for all x ∈ A k and y ∈ A l we have xy = (−1) kl yx and d : A k → A k+1 is a differential, i.e. d 2 = 0. A motivational example of commutative differential algebra is given by the de Rham complex (Ω * (M ) , d) of differential forms on a smooth manifold M , with the multiplication given by the wedge product.
A CDGA (A, d) is directly quasi-isomorphic to a CDGA (B, d) if there is a homomorphism of graded algebras f : A → B such that
are isomorphisms for all k ≥ 0. Two CDGAs (A, d) and (B, d) are quasi-isomorphic if there is a chain of CDGAs A = A 0 , A 1 , . . . , A r = B, such that either A j is directly quasi-isomorphic to A j+1 or A j+1 is directly quasi-isomorphic to A j . Note that from the theory of Sullivan of minimal models it follows that the chain in the above definition can be always chosen to have r ≤ 2. 
The group G is called nilpotent if there is n such that G n is trivial. For example, abelian groups are nilpotent since [G, G] is trivial in this case. On the other hand, non-commutative simple groups are never nilpotent.
Denote by ε : ZG → Z the augmentation homomorphism, that is ε g∈G c g g = g∈G c g . Define the augmentation ideal I(G) of ZG to be the kernel of ε. A left G-module A is called nilpotent if there is N ∈ N such that I(G) N A = 0. A path-connected topological space X is said to be nilpotent if π 1 (X) is a nilpotent group and the higher homotopy groups π k (X) considered as π 1 (X)-modules are nilpotent.
The following theorem is due to Sullivan. Thus in the case of a nilpotent topological space X the algebra (A (X) , d) contains full information about the rational homotopy type of X. In particular, the groups π k (M ) ⊗ Q can be computed from (A (X) , d). If M is a nilpotent manifold then the groups π k (M ) ⊗ R can be computed from any CDGA quasi-isomorphic to (A (M ) ⊗ R, d). In particular, if M is a formal manifold, then the groups π k (M ) ⊗ R can be computed from H * (M ).
In [60] , Deligne et al. proved that every compact Kähler manifold is formal. Using this, Chinea, de León and Marrero showed in [39] that every compact coKähler manifold is formal as well. This result is most useful if the fundamental group of the manifold in question is nilpotent. Note that in contrast to the case of Kähler manifolds the fundamental group of a coKähler manifold cannot be trivial.
In [7] Bazzoni, Fernández and Muñoz presented a way to construct non-formal compact cosymplectic manifolds. The idea is as follows. Let S be a symplectic manifold and f : S → S a symplectomorphism such that for some p > 0 the eigenvalue λ = 1 of 3.10. Cosymplectic 3-structures. When a smooth manifold M is endowed with three distinct almost contact structures (φ 1 , ξ 1 , η 1 ), (φ 2 , ξ 2 , η 2 ), (φ 3 , ξ 3 , η 3 ) related by the following identities
for any even permutation (α, β, γ) of the set {1, 2, 3}, we say that M is endowed with and almost contact 3-structure. In this case M has dimension of the form 4n + 3. This notion was introduced independently by Kuo ([104] ) and Udriste ( [146] ) at the end of the 60s and then it was studied by several authors, especially from the Japanese school of Riemannian geometry. In particular, Kuo proved that one can always find a Riemannian metric g which is compatible with each almost contact structure. If we fix one, we speak of almost contact metric 3-structure.
Any smooth manifold endowed with an almost contact metric 3-structure carries two orthogonal distributions, not necessarily integrable: the Reeb distribution V := span{ξ 1 , ξ 2 , ξ 3 } and the horizontal distribution H := ker(η 1 ) ∩ ker(η 2 ) ∩ ker(η 3 ) = V ⊥ . The most famous class of almost contact metric 3-structures is given by those for which each structure is Sasakian. They are called 3-Sasakian structures (or Sasakian 3-structures). For more details on 3-Sasakian manifolds see [22] .
When each structure (φ α , ξ α , η α , g) is (almost) coKähler, M is called an (almost) 3-cosymplectic manifold. However, it has been proved recently (see [72, Theorem 4.13] ) that these two notions are the same, i.e. every almost 3-cosymplectic manifold is normal and thus 3-cosymplectic.
Remark 3.50. Actually, the name 3-cosymplectic is not coherent with the terminology that we used in the rest of this survey. A more appropriate name should have been "3-coKähler". However in literature the term 3-cosymplectic is well-established and, so far, we did not find any other name for these structures (except "hypercosymplectic 3-structure" in [137] and [100] ). Thus in this section we shall conform to the terminology currently used in literature.
Remark 3.51. We notice that just as in the case of a single structure, the 3-Sasakian and the 3-cosymplectic manifolds represent the two extremal cases of the larger class of 3-quasi-Sasakian manifolds (cf. [30] , [31] ).
In any 3-cosymplectic manifold the Reeb vector fields ξ 1 , ξ 2 , ξ 3 are all ∇-parallel. In particular, for any α, β ∈ {1, 2, 3}, we have [ξ α , ξ β ] = ∇ ξα ξ β − ∇ ξα ξ β = 0. Thus the Reeb distribution is integrable and defines a 3-dimensional foliation F 3 of M . As it was proved in [29] , F 3 is a Riemannian and transversely hyper-Kähler foliation with totally geodesic leaves. Using this, one proves that every 3-cosymplectic manifold is Ricci-flat ( [29, Corollary 3.10] ). Moreover, since dη α = 0, also the horizontal distribution H is integrable and hence defines a Riemannian, totally geodesic foliation complementary to F 3 .
On the other hand, Ishihara proved that the Reeb distribution of a 3-Sasakian manifold is a transversely quaternionic-Kähler foliation ( [96] ). The study of transverse geometry allows to understand the difference The standard example of a compact 3-cosymplectic manifold is given by the torus T 4n+3 with the following structure (cf. [117, p.561] ). Let {θ 1 , . . . , θ 4n+3 } be a basis of 1-forms such that each θ i is integral and closed. Let us define a Riemannian metric g on T 4n+3 by
For each α ∈ {1, 2, 3} we define a tensor field φ α of type (1, 1) by
where {E 1 , . . . , E 4n+3 } is the dual (orthonormal) basis of {θ 1 , . . . , θ 4n+3 } and (α, β, γ) is a cyclic permutation of {1, 2, 3}. Setting, for each α ∈ {1, 2, 3}, ξ α := E 4n+α and η α := θ 4n+α , one can easily check that the torus T 4n+3 endowed with the structure (φ α , ξ α , η α , g) is 3-cosymplectic. For the non-compact case, the standard example of 3-cosymplectic manifold is given by R 4n+3 with the structure described in [29, Theorem 4.4] .
Both the examples above are the global product of a hyper-Kähler manifold with a 3-dimensional abelian Lie group. Such a property always holds locally (see [32, Proposition 7.1] ). It makes sense to ask whether there are examples of 3-cosymplectic manifolds which are not the global product of a hyperKähler manifold with a 3-dimensional abelian Lie group. As shown in [32] , the answer to this question is affirmative and now we illustrate a procedure for constructing such examples. Let (N, J α , G) be a compact hyper-Kähler manifold of dimension 4n and f a hyper-Kähler isometry on it. We define an action ϕ of
We then define on the orbit space M f := (N × R 3 )/Z 3 a 3-cosymplectic structure in the following way. Let us consider the vector fields ξ α := ∂ ∂tα and the 1-forms η α := dt α on N × R 3 . Next we define, for each α ∈ {1, 2, 3}, a tensor field φ α on N × R 3 by putting φ α X := J α X for any X ∈ Γ(T N ) and φ α ξ α := 0, φ α ξ β := ǫ αβγ ξ γ , where ǫ αβγ denotes the sign of the even permutation (α, β, γ) of {1, 2, 3}. Then (φ α , ξ α , η α , g), g denoting the product metric, defines a 3-cosymplectic structure on N × R 3 . Being invariant under the action ϕ, (φ α , ξ α , η α , g) descends to a 3-cosymplectic structure on M f , which we will denote by the same symbol. By using this general procedure in [32] a non-trivial example of compact 3-cosymplectic manifold is constructed. In fact we consider the hyper-Kähler manifold T 4 = H/Z and the hyper-Kähler isometry f given by the multiplication by i (the same can be made by using the multiplication by j and k). Then the 7-dimensional manifold M f := (T 4 × R 3 )/Z 3 , endowed with the geometric structure described above, is a compact 3-cosymplectic manifold which is not the global product of a compact 4-dimensional hyper-Kähler manifold K with the flat torus. Indeed one has only two possibilities for a compact 4-dimensional hyper-Kähler manifold: either K ∼ = T 4 or it is a complex K3-surface. In the first case b 2 (K × T 3 ) = 21, in the second b 2 (K × T 3 ) = 25. However, in [32] it was proved that b 2 (M 7 f ) < 21. We close the section by collecting some results on the topology of compact 3-cosymplectic manifolds. Every 3-cosymplectic manifold is, in particular, coKäher, so that all the results in § 3.7 hold. However the rigidity given by the relations (3.28) connecting the almost contact structures forces the topology of a 3-cosymplectic manifold to satisfy the following more restrictive properties.
Theorem 3.52 ([32] ). Let M be a compact 3-cosymplectic manifold of dimension 4n + 3. Then for each integer k ∈ {3, . . . , 4n + 3}, the k-th Betti number of M is given by We also found some inequalities that the Betti numbers have to satisfy. First notice that, as the 1-forms η 1 , η 2 , η 3 , the 2-forms Φ 1 , Φ 2 , Φ 3 , η i ∧ η j , and the 3-forms η 1 ∧ η 2 ∧ η 3 , η i ∧ Φ j , are harmonic and linearly independent, we have b 1 ≥ 3, b 2 ≥ 6, b 3 ≥ 10. More generally, we have the following formula.
Theorem 3.54 ([32]
). Let M be a compact 3-cosymplectic manifold of dimension 4n + 3. Then, for any integer k ∈ {0, . . . , 2n + 1},
Theorem 3.54 should be compared with the corresponding result in even dimension. Indeed, due to Wakakuwa ([148] ), in any compact hyper-Kähler manifold the even Betti number b 2k (0 ≤ k ≤ 2n) satisfies
Comparing (3.30) with (3.31), we clearly note that in the 3-cosymplectic case we have a much stronger condition. We conclude the section by mentioning that the space Ω k HB (M ) of harmonic basic k-forms admits an action of the Lie algebra so(4, 1). For each α ∈ {1, 2, 3}, let us define the 2-form
where (α, β, γ) is an even permutation of {1, 2, 3}. Next we define the operators
One can prove that L α and Λ α induce endomorphisms of Ω * BH (M ) (which we shall denote by the same symbol). Then, by [32, Proposition 4.3] 
is the operator defined by Hω = (2n − k)ω. Moreover for each α ∈ {1, 2, 3} we define another operator where (α, β, γ) is an even permutation of {1, 2, 3}. Then we have the following result.
Theorem 3.55 ([32] ). The linear span g of the operators H, L α , Λ α , K α , α ∈ {1, 2, 3}, is a Lie algebra isomorphic to so(4, 1). Consequently Ω * BH (M ) is an so(4, 1)-module.
Further topics
There are many other topics related to cosymplectic / coKähler geometry. Unfortunately, due to the lack of time and space, we can only give a very brief outline.
4.1. Submanifolds of coKähler manifolds. In almost contact Riemannian geometry there have always been a great interest toward the theory of submanifolds. There are two main classes of submanifolds of an almost contact metric manifold (M, φ, ξ, η, g): invariant and anti-invariant submanifolds. A submanifold
Invariant submanifolds of coKähler manifold were first studied by Ludden ([112] ) and Goldberg ( [88] ), and later on by Endo ([64] , [65] ). For anti-invariant submanifolds of coKähler manifolds we refer the reader to the work of Kim [101] . A generalization of the notion of invariant and anti-invariant submanifold, namely that one of CR-submanifold, was proposed by Bejancu in the context of almost Hermitian geometry and next extended to the almost contact setting (cf. [9] , [150] ).
There are several papers dealing with these and other classes of submanifolds of a coKähler manifold (especially coKähler space forms). Here we mention the very recent paper [79] of Fectu and Roseberg, where the authors study the surfaces with parallel mean curvature of a coKähler space form.
4.2.
Harmonic maps and coKähler geometry. Another interesting topic is the study of the interplays between coKähler geometry with the theory of harmonic maps. Recall that given a smooth map
Riemannian manifolds, one defines the energy density of f as the smooth function e(f ) : M −→ [0, +∞) given by
for any x ∈ M , where {e 1 , . . . , e m } is any local orthonormal basis of T x M . If M is compact, the energy of f is defined by
where ν g is the volume measure associated with the metric g on M . Then f will be said to be a harmonic map if it is a critical point of the energy functional E on the set of all maps between (M, g) and (M ′ , g ′ ). In particular it is of interest to study the harmonicity of the maps to, from and between (almost) coKähler manifolds, especially in the case when one of the two spaces is Kähler. We refer the reader to the papers of Boeckx and Gherghe ([18] ), Chinea ([36] ), Gherghe ([83] , [84] ) and Fectu ( [78] ).
4.3.
Generalizations of cosymplectic and coKähler manifolds. Several generalizations of cosymplectic and coKähler manifolds were considered. We mention just a few of them, just recalling the definitions and referring the interested reader to the references below.
The first generalization that we recall is given by locally conformal cosymplectic manifolds, introduced by Chinea, de León, Marrero in [37] and locally conformal coKähler manifolds, defined by Olszak in [127] . An almost cosymplectic manifold (M, η, ω) is said to be locally conformal cosymplectic (l.c.c.), if there exist an open covering {U i } i∈ I , and a family of functions σ : U i −→ R such that η i = e σi η| Ui and ω i = e 2σi ω| Ui are closed, i.e. (η i , ω i ) is a cosymplectic structure on U i . Then one proves that the local 1-forms dσ i glue up to a closed 1-form θ, called Lee form, which satisfies
Clearly, if (M, ω, η) is cosymplectic, then it is l.c.c. and its Lee form vanishes. Analogously one gives the definition of locally conformal coKähler manifolds. Let (M, φ, ξ, η, g) be an almost contact metric manifold. Then M is said to be locally conformal coKähler (l.c.cK.) if there exists an open covering {U i } i∈ I of M and a family {σ i } i∈I of real-valued smooth functions on each
is a coKähler manifold, where
From the definition it follows that any locally conformal coKähler manifold is normal. Also, one proves that any i, j ∈ I, i = j, with U i ∩ U j = ∅, one has dσ i = dσ j on U i ∩ U j , so that the 1-forms dσ i glue up to a global closed 1-form θ. Moreover, the Levi-Civita connections ∇ i of (U i , g i ) glue up to a globally defined torsion-free linear connection D on M given by
where B = θ ♯ and ∇ is the Levi-Civita connection of (M, g). It follows that dη = η ∧ θ and dΦ = −2Φ ∧ θ, Φ being the fundamental 2-form of the almost contact metric manifold (M, φ, ξ, η, g). For more details we refer the reader to the aforementioned papers or also the monograph [61] .
We mention also the para-coKähler manifolds, studied, among others, by Dacko and Olszak (cf. [46] , [52] ). An almost paracontact structure (cf. [99] ) on a (2n + 1)-dimensional smooth manifold M is given by a (1, 1)-tensor fieldφ, a vector field ξ and a 1-form η satisfying the following conditions for all X, Y ∈ Γ(T M ), then (M,φ, ξ, η,g) is called an almost paracontact metric manifold. Notice that any such a semi-Riemannian metric is necessarily of signature (n, n + 1) and the above condition (ii) of the definition of almost paracontact structures is automatically satisfied. Moreover, as in the almost contact case, from (4.2) it follows easily that η =g(·, ξ) andg(·,φ·) = −g(φ·, ·). Hence one defines the fundamental 2-form of the almost paracontact metric manifold byΦ(X, Y ) =g(X,φY ). Now, if η and Φ are closed the structure is said to be almost para-coKähler, and we point out that (η,Φ) is then a cosymplectic structure. Finally, a normal almost para-coKähler manifold is said to be para-coKähler. Para-coKähler geometry has a long history, having its origins in the three papers [19] , [20] , [21] of Bouzon in the early 60's (even before than the Blair's definition of coKähler manifolds). The theory has some aspects similar to coKähler geometry even though there are also some relevant differences, for instance due to the non-positive definiteness of the metric.
Furthermore, another generalization of cosymplectic manifolds was proposed recently by de León, Merino, Oubiña, Rodrigues and Salgado in [56] . A k-cosymplectic manifold is a smooth manifold M of dimension (k + 1)n + k endowed with family (η α , ω α , F ) α∈{1,...,k} , where each η α is a closed 1-form, each ω α is a closed 2-form and F is a nk-dimensional foliation on M , related by the following conditions (i) η 1 ∧ · · · ∧ η k = 0, (ii) η α (X) = 0 and ω α (X, X ′ ) = 0 for any X, X ′ ∈ Γ(T F ) and for each α ∈ {1, . . . , k}, ker(ω α ) = k.
Then on M there are defined k vector fields, ξ 1 , . . . , ξ k , called Reeb vector fields, such that i ξα η β = δ αβ , i ξα ω β = 0 for any α, β ∈ {1, . . . , k}. k-cosymplectic manifolds may be described locally in terms of Darboux coordinates ( [56] ). In fact about any point of the manifold there are coordinates (x α , y i , z αi ), 1 ≤ α ≤ k, 1 ≤ i ≤ n, such that
dy i ∧ dz αi , T F = span ∂ ∂z 11 , . . . , ∂ ∂z k1
, . . . , ∂ ∂z 1n
, . . . , ∂ ∂z kn k-cosymplectic structures were introduced in order to provide a suitable geometric setting for the description of classical field theories. The reader can find more information on the state of arts of the theory for instance in [121] or [132] .
We conclude by mentioning the very recent concept of "generalized almost contact structure". The theory of generalized almost contact manifolds is the attempt to extend to odd dimensions the very important theory of generalized complex structures, founded by Hitchin and Gualtieri (cf. [93] , [91] ). Here the adjoint φ * is with respect to the natural pairing of T M ⊕ T * M defined by
and ξ ⊙ η is the endomorphism defined by ξ ⊙ η(X + α) = η(X)ξ + α(ξ)η. This notion include as particular cases both contact and almost cosymplectic structures. Moreover, Poon and Wade discuss possible notions of normality / integrability. Any details can be found in the aforementioned papers.
4.4.
Almost coKähler manifolds satisfying further conditions. Another important topic in coKähler geometry is given by the study of some classes of almost coKähler manifolds satisfying certain additional conditions (for instance concerning the curvature tensor). More in general, one considers some sub-classes of almost contact metric manifolds which satisfy conditions closely related to the coKähler manifolds. Probably the most important example is given by the nearly coKähler manifolds. An almost contact metric manifold (M, φ, ξ, η, g) is called nearly coKähler if the structure tensor φ and the 1-form η are Killing, that is for any X, Y ∈ Γ(T M ). The second condition in (4.3), which is equivalent to require that ξ is Killing, is usually included in the definition, but however it is a consequence of the first one (cf. [14, Proposition 6.1]). The name "nearly coKähler" is due to the property that a normal nearly coKähler manifold is necessarily coKähler ( [12] ). Moreover, it is known that any 3-dimensional nearly coKähler manifold is coKähler ( [98] ). A well-known nearly coKähler manifold is S 5 endowed with the almost contact metric structure induced by that the almost Hermitian structure of S 6 defined by means of the cross product of the imaginary part of the octonions (see, for more details, [14] page 63 and 102) . This gives an example of non-normal almost contact metric structure on an odd-dimensional sphere. Nearly coKähler manifolds, in particular their curvature and topological properties, have been studied by several authors (see e.g. [102] , [5] , [69] , [81] , [70] ).
Another interesting topic concerns the study of almost contact metric manifolds admitting a Weyl structure. Recall that a Weyl structure on a manifold M of dimension m ≥ 3 is defined by a pair W = ( Another well-known class of almost coKähler manifolds satisfying some remarkable curvature condition is that of conformally flat almost coKähler manifolds. In dimension greater than or equal to 5 those manifolds are of non-positive scalar curvature and are coKähler if and only if they are locally flat (cf. [124] , [126] ). Moreover, again under the assumption dim(M ) ≥ 5, any conformally flat almost coKähler manifold with Kählerian leaves is necessarily coKähler ( [49] ). Contrary to that, in dimension 3, there are examples of conformally fiat almost coKähler manifolds (which necessarily have Kählerian leaves) that are not locally fiat and not coKähler (see again [49] and [47] ).
